Starting from a classical picture of shear viscosity we construct a stationary velocity gradient in a microscopic parton cascade. Employing the Navier-Stokes ansatz we extract the shear viscosity coefficient η. For elastic isotropic scatterings we find an excellent agreement with the analytic values. This confirms the applicability of this method. Furthermore for both elastic and inelastic scatterings with pQCD based cross sections we extract the shear viscosity coefficient η for a pure gluonic system and find a good agreement with already published calculations.
parameter in viscous hydrodynamics but needs to be calculated from microscopic theory. The η/s ratio was obtained in a full leading order pertubative QCD calculation in Ref. [16] . The Boltzmann-Vlasov equation and quasi-particle picture were recently employed to calculate the η/s ratio of a gluon gas in Ref. [17] . The shear viscosity coefficient has also been extracted from microscopic transport calculations with BAMPS (Boltzmann Approach of Multi Parton Scatterings) simulations [18, 19] using expressions based on a first-order gradient expansion of the Boltzmann Equation [20] and the entropy principle underlying the second-order Israel-Stewart hydrodynamics [21] .
The goal of this work is to extract the shear viscosity coefficient η numerically from microscopic calculations using a standard setup motivated by the classical textbook picture [22, 23] . In Fig. 1 we introduce a particle system embedded between two plates. The two plates move in opposite directions each with velocity v wall in z-direction. The moving walls are supplemented by two thermal reservoirs with ±v wall . In x-direction the system has an extension of size L. In y-and z-direction the system is homogeneous and can be of infinite size. The mean free path of the particles should be very small compared to the system size, i.e. λ mfp << L. On a sufficiently long time-scale a stationary velocity field v z (x) should be established. In the non-relativistic limit the velocity field is linear. With the Navier-Stokesansatz the shear stress tensor π µν is proportional to the gradient of the velocity
The proportionality factor is defined to be the shear viscosity coefficient η. In Sec. II we give basic definitions and information on the numerical model we use. In Sec. III we demonstrate that Eq. (1) does not hold in general for the relativistic case, where the gradient is not necessarily linear and we discuss the shape of an ideal relativistic velocity gradient.
Furthermore we will discuss the effect of viscosity and finite size effects on the velocity profile in Sec. III, where an analytical formulation for the shape of the velocity profile is derived. We employ BAMPS to reproduce the velocity gradient as discussed in this chapter. In Sec. IV we compare the numerical results for the shear viscosity coefficient η to an analytical value in order to confirm the applicability of our method. Finally we present the results on shear viscosity to entropy density ratio obtained from BAMPS with cross sections based on pertubative quantum chromodynamics (pQCD) and compare them to existing calculations.
We close with a summary.
II. BASIC IDEA AND DEFINITIONS
When systems are in stationary states, the first-order Navier-Stokes formulation of relativistic viscous hydrodynamics can be used to calculate the shear viscosity η, which is the proportionality factor between the shear tensor π µν = T µν and the velocity gradient ∇ µ u ν :
where the projection
denotes the symmetric traceless part of the tensor B µν . ∆ µν = g µν − u µ u ν is the transverse projection operator and the metric is g µν = diag(1, −1, −1, −1).
Some definitions are in order. We use the Landau's definition of the hydrodynamic fourvelocity [25] :
where
is the energy-momentum tensor and the local energy density is defined as
The shear tensor π µν is the difference of T µν to its equilibrium value. For the geometry depicted in Fig. 1 u µ = γ(1, 0, 0, v z ) with γ = 1/ 1 − v 2 z . We will build up stationary states of particle systems via numerical simulations, which are realized by employing the microscopic transport model BAMPS, which solves the Boltzmann equations for on-shell particles within a stochastic model [18, 19] . In principle any microscopic transport model can be used for this purpose.
Local values of π µν and u µ can be easily extracted from the numerical simulations by averaging over all particles contained in a bin of size ∆x. However, to obtain the gradient of u µ one has to take values from neighbouring local cells, which would cause additional numerical errors. To avoid such numerical problem we will first derive the analytical form of v z (x) for the given setup in Fig. 1 . Then we use this form and the numerically extracted π µν to calculate the shear viscosity.
III. VELOCITY, RAPIDITY AND FINITE SIZE EFFECT

A. Analytical Derivation
Instead of the hydrodynamic velocity v z (x) we address the position dependence of the rapidity y(x), which is defined by
Thus, v z (x) = tanh y(x). In the non-relativistic limit, where v z (x) is small, we have v z (x) ≈ y(x). The advantage of y(x) is that it gets a shift by a Lorentz-boost e.g. with
Demanding boost-invariance, i.e., Λ vz(x A ) [y(x)] = y(x − x A ), we obtain the solution y(x) = ax + b, where a und b are constant. Due to the boundary condition y(x = ±L/2) = ±y wall , y(x) is symmetric in x and thus, b = 0. If y(x) is continuous at the boundaries, we have
In the following we will convince ourselves from relativistic kinetic theory that Eq. (9) is only valid if the particle mean free path vanishes, or the distance L between two plates is infinitely long. For a non-vanishing mean free path and a finite distance L we will see discontinuities of y(x) at the boundaries. This is referred to as a finite size effect.
We consider a general local observable A(x, t) with the definition
where 3 and n(x, t) = dΓ 1 f (p 1 ; x, t) is the particle number density. p denotes the particle four-momentum. In our case n does not depend on position and time.
In particular, for
we have the definition of particle four-flow
] we obtain the rapidity A(x, t) = y(x, t) as given in Eq. (7), when using the Landau definition of the hydrodynamic four-velocity. For stationary states A(x, t) and the particle distribution function f (p; x, t) are constant in time.
We definef (p; x, t) = f (p; x, t)/n(x, t), which is the probability density for the occurrence of a particle with momentum p around dΓ at (x, t). One obtainsf (p; x, t) by summing probabilities for such events that a collision at (x ′ , t ′ ) makes a particle having the momentum p and this particle travels to x at t without further collisions. It is mathematically expressed
where w gain (p 1 ; x ′ , t ′ ) denotes the probability density that a particle with momentum p 1 is created via a collision at (x ′ , t ′ ), and w f ree (p 1 ; x ′ , t ′ ; x, t) the probability that this particle travels from (x ′ , t ′ ) to (x, t) without further collisions. Becausef (p; x, t) is invariant under the transformation p → −p, the two integrals in Eq. (11) are equal. Thus,
Our goal is to find the relation between A(x, t) and A(x ′ , t ′ ), which then can be used to solve
A(x, t) analytically when the boundary conditions are given.
Using the standard definition of cross section for binary collisions of identical particles
where M 1 ′ 2 ′ →12 is the matrix element and
we have
2 ) denotes the relative velocity for massless particles. dt ′ is the average time interval, during which a particle travels through dx
w loss (p 1 ; x ′′ , t ′′ ) denotes the probability density that a particle with momentum p 1 is destroyed via a collision at (x ′′ , t ′′ ) and is expressed by
where v rel = s/(2p
We now approximate w loss (p 1 ; x ′′ , t ′′ ) to be the averaged one over p 1 :
where λ mf p denotes the particle mean free path. This approximation applies for isotropic cross sections. In general, if the angular distribution is non-isotropic λ mf p has to be replaced by an effective length scale, which is calculated as an average of the differential cross section.
With Eq. (17) we obtain the obvious expression
Putting Eqs. (12), (14) , and (18) into Eq. (10) gives
It is clear that replacing
will leads to 2A(x, t). We now consider particular observables A(x, t) such that F A is conserved in each collision, i.e., F A (p
The same approximation is made as for w loss in Eq. (17) . Equation (20) resembles the one derived in Ref. [22] using "path integral method" in non-relativistic cases.
We emphasize that Eq. (20) holds only if the total F A is conserved in collisions. For instance, the total particle velocity p 1 /E 1 + p 2 /E 2 is not conserved except in case the energy of all particles is same, whereas the total particle momentum rapidity is conserved.
Therefore, the rapidity y(x) defined by Eq. (7) obeys Eq. (20), but the hydrodynamic velovity v z (x) does not. However, the total particle momentum rapidity is not conserved in 2 → 3 or 3 → 2 processes. In this case one has to take detailed balance into account and the sum of the total rapidity of a 2 → 3 and its back reaction is conserved on average. 
We recognize the discontinuities of y(x) at the boundaries, which disappear only for vanishing mean free path λ mf p → 0 or long distance L → ∞. Equation (21) is a new finding and accounts for finite size effects which must be taken into accout, if for numerical reasons λ mf p /L cannot be made sufficiently small.
B. Numerical Confirmation
In this subsection we will confirm our finding Eq. (21) by performing numerical transport calculations. We employ the parton cascade BAMPS. Details of numerical operations can be found in Refs. [18, 19] . One important feature of BAMPS is that the model can simulate multiplication and annihilation processes such as the gluon bremsstrahlung process and its back reaction gg ↔ ggg with full detailed balance. In order to verify the analytic findings we will first employ isotropic cross sections in BAMPS in the following.
The numerical realization of the boundary conditions is as follows. Particles that reach the boundaries x = ±L/2 are removed, which simulates the particle absorption by the plates. Independent of the absorption, the plates emit particles, which pick up the velocities ±v wall of the plates. Here we treat the plates as thermal reservoirs of particles with the same temperature as those between the plates. The momentum distribution for emitting particles is proportional to the equilibrium Boltzmann distribution f wall (p) and the particle
with
where u µ wall = γ wall (1, 0, 0, v wall ), γ wall = 1/ 1 − v 2 wall , g = 16 is the degeneracy factor for gluons in SU(3), and T is the temperature. In the distribution (23) we neglect the quantum statistic factor for bosons and fermions. The rate of emissions can be calculated analytically (see App. A) and is
where A wall is the transverse area of the plates and n wall is the particle density. In the xy- process one has [22]
where in the non-relativistic limit the diffusion constant D is the ratio of the shear viscosity η to the mass density ρ. For relativistic case we replace ρ by the energy density e. As we will see in the next section, η ≈ 1.2654nT λ mf p = 0.42eλ mf p (see Eq. (29)), where e = 3nT is used. Thus,
For our setup we find t ≈ 24 fm/c, which is consistent with the numerical results shown in On the contrary, when using the pQCD cross sections for gluons, which strongly depend on the invariant mass s one will have deviations from Eq. (21) . The elastic and gluon bremsstrahlung process and its back reaction implemented in BAMPS are based on pQCD matrix elements given in Ref. [18] . Although the numerically extracted rapidity profile is different from the analytical form Eq. (21), it is still linear in x. Replacing λ mf p in Eq. (21) with an effective scale λ ef f one obtains the general formula. Using pQCD cross sections λ ef f has to be extracted numerically. Qualitatively, λ ef f for pQCD interactions should be larger than λ mf p , since pQCD-based processes prefer small angle scatterings and thus, are not as efficient for momentum transport as scatterings with isotropic angular distribution.
IV. EXTRACTION OF SHEAR VISCOSITY
In stationary states we can use the Navier-Stockes's formula Eq. (2) to calculate the shear viscosity η. For the particular setup shown in Fig. 1 , Eq. (2) is simplified to
(Here λ mf p replaced by λ ef f .) π xz and v z (x) are extracted from BAMPS (the results of v z (x) are already shown in the previous section), whereas λ ef f is obtained by fitting y(x).
Results for isotropic constant cross sections are presented in Sec. IV A. Section IV B
contains results for full pQCD interactions.
A. Elastic isotropic constant cross sections
Elastic isotropic constant cross sections are meant that cross sections for elastic binary collisions are constant and the distribution of collision angle is isotropic. In this case the shear viscosity of an ultrarelativistic Maxwell-Boltzmann gas is well known [24] :
Equation ( proposed method for extracting the shear viscosity for relativistic systems from numerical calculations.
B. pQCD interactions
In this subsection the results on the shear viscosity are presented for a system of gluons.
For gluon interactions elastic gg → gg and inelastic gg ↔ ggg in leading-order pQCD based processes are included. For a more detailed discussion refere to Ref. [18] .
Setups for this case are L = 40 fm, v wall = 0.5, and T = 0.4 GeV. L has to be chosen appropriately as the mean free path increases with decreasing coupling constant α s . Running coupling is not implemented in the presented BAMPS calculations.
The extracted mean values of the shear viscosity to entropy ratio η/s are given in Table I and also shown in Fig. 7 with the resulting standard deviations of the simulations. The entropy density is taken by its equilibrium value s = 4n. parametrisations for the off-equilibrium distibution functions. In particular the momentum dependence of the off-equilibrium correction to the equilibrium distribution was chosen differently by these authors, which might explain the deviations between their results (Compare also the discussion in Ref. [26] .)
V. CONCLUSIONS AND OUTLOOK
In this work we started with the classical picture of shear viscosity and shear flow. We demonstrated that the classical picture of a linear velocity field does not apply to relativistic systems. Rather, we found that velocity fields have a non-linear form, whereas the rapidity increases in fact linearly.
We also derived an analytical expression for the rapidity and velocity profiles in systems where the mean-free path is non-zero. With an increasing mean-free path to system size ratio the slope of the rapidity profile decreases and finite size effects are not negligible anymore.
We employed the numerical transport model BAMPS to create the velocity and rapidity profiles, compared the numerical results to our theoretical findings and observed an almost perfect agreement. The stationary gradient allows us to apply the relativistic Navier-Stokes equation to calculate the shear viscosity coefficient η. We found again a perfect agreement to the analytical value derived from kinetic theory [24] . The method proposed here to calculate the shear viscosity coefficient is thus perfectly suitable for other microscopic transport descriptions.
Furthermore we have then used this setup to calculate the shear viscosity to entropy density ratio in a numerical simulation with elastic and inelastic pQCD processes implemented in BAMPS for fixed coupling constant α s , which is varied from = 0.01 to 0.6. We compared our results with previously published results [20, 21] and also with a very recent work based on the Kubo relation [26] and found a very good agreement. where n = gT 3 /π 2 is the density in the local rest frame.
